ABSTRACT. In this note we show that if the automorphism group of a normal affine surface S is isomorphic to the automorphism group of a Danielewski surface, then S is isomorphic to a Danielewski surface.
INTRODUCTION
Throughout this note we work over the field of complex numbers C and affine algebraic varieties are always considered to be irreducible. One of our main results in [LRU18] is the proof that affine toric surfaces are uniquely determined by their automorphism groups in the category of normal affine surfaces. In this note we apply similar techniques to investigate in as far this result can be extended to other classes of affine surfaces with a large automorphism group.
A well studied class of affine surfaces are Danielewski surfaces, i.e. surfaces of the form D n p = {x n y = p(z)} ⊂ A 3 for some polynomial p ∈ C[z]. We denote by D n p the normalization of D n p . These surfaces were introduced by Danielewski in order to construct a counterexample to the cancellation problem ( [Dan89] ). Since then, numerous papers have been published on the subject, in particular with regards to the rich structure of their automorphism groups. The automorphism groups of two generic smooth Danielewski isomorphic to G a that is normalized by T . Let λ : G a → U be an isomorphism. There exists a character χ : T → G m not depending on the choice of λ such that t • λ(s) • t −1 = λ(χ(t)s). This character is called the weight of U . In [FZ03] a classification of normal affine G m -surfaces was given followed by a classification of their root subgroups in [FZ05] . We recall here the main features of the classification that we need in this paper. In the foundational paper [OW77] , G m -surfaces are classified according to their dynamical type.
Definition 3. A G m -surface is elliptic if the G m -action has an attractive fixed point, parabolic if the G m -action has infinitely many fixed points and hyperbolic if the G m -action has at most finitely many fixed points none of which is attractive.
In more algebraic terms, a G m -action α : G m × S → S on an affine surface S gives rise to a Z-grading of the ring of regular functions given by
Elements in A i are called the semi-invariants of weight i ∈ Z. In terms of the Z-grading, a G m -surface is hyperbolic if and only if there exist non-trivial semi-invariants of weights of different signs. In this case the generic orbit closures are isomorphic to A 1 * . If the surface is not hyperbolic, then all the semiinvariants that are not invariants have the same sign and the normalizations of the generic orbit closures are isomorphic to A 1 . If the only invariant functions are the constants, we are in the elliptic case. Finally, in the parabolic case the ring of invariant functions has transcendence degree 1 and so there is a curve of G m -fixed points in the surface.
We are only interested in root subgroups of non-toric G m -surfaces. This considerably restricts the root subgroups we encounter. A root subgroup U is called fiber type if the field of rational G m -invariants is contained in the field of rational U -invariants. If U is not fiber type, it is called horizontal type. In the elliptic case, by [FZ05, Theorem 3.3] only toric surfaces admit root subgroups in their automorphism group. In the non-toric parabolic case, by [FZ05, Theorems 3.16] all the root subgroups are fiber type. Finally, in the hyperbolic case, by [FZ05, Lemma 3.20] the ring of invariants of any root subgroup intersected with the ring of G m -invariants is only the constant, and hence all the root subgroups are horizontal.
In algebraic terms, root subgroups are in one to one correspondence with homogeneous locally nilpotent derivations of the Z-graded algebra O(S). A homogeneous locally nilpotent derivation is a Clinear map δ : O(S) → O(S) that maps semi-invariants to semi-invariants, satisfies the Leibniz rule δ(f g) = f δ(g) + gδ(f ) for all f, g ∈ O(S) and for every f ∈ O(S) there exists n ∈ Z >0 such that δ n (f ) = 0, where δ n denotes the composition of δ with itself n-times. See [LRU18, Section 4.1] for a more detailed description of root subgroups in terms of homogeneous locally nilpotent derivations. We will also need the following lemma proven in [LRU18] . In [FZ03, Section 4.2] it is shown that every hyperbolic affine G m -surface is equivariantly isomorphic to X = Spec A, where On the other hand, the normalization D n p of the Danielewski surface D n p is given by the data D + = 0 and D − = − 1 n div(p) on A 1 as in Example 6 (a). Applying [FZ05, Theorem 3.22] a routine computation yields that the non-negative weights of root subgroups in Aut( D n p ) are exactly the integers greater or equal than n l , where l is the smallest order of a root of p(z). This proves the lemma. Remark 8. For the proof of Theorem 1 we need to compute the weights of root subgroups in Aut(D 1 p ). For root subgroups with non-negative weights this was done in the proof of Lemma 7. Indeed, the nonnegative weights of root subgroups in Aut( D n p ) are all the integers greater or equal than n l , where l is the smallest order of a root of p(z). Since in our case n = 1, we obtain that all positive integers appear as weights of root subgroups. To compute the negative numbers that appear as weights of root subgroups, we reverse the grading taking the automorphism t → t −1 of G m . This accounts to exchanging D + and D − . Now a similar application of [FZ05, Theorem 3.22] yields that all negative numbers appear as the weight of a root subgroup in Aut(D 1 p ).
In the following lemma we show that the normalizations of D n p and D dn p d coincide. 
, where {a i } is the fractional part of a i . Since there are also two root subgroups with negative weights whose weights differ by one, after reversing the grading with the torus isomorphism t → t −1 which has the effect of exchanging the roles of D + and D − . Since again D n p has root subgroups of positive degree we can apply [FZ05, Theorem 3.22]. To do so we need to replace the combinatorial data, up to a linear equivalence, D − + div(q) and D + − div(q) to put the new combinatorial data in the form of [FZ05, Theorem 3.22]. Now, we can argue as in the proof of Lemma 7 to conclude that D − + div(q) = 0. It now follows that D − = − 1 n div(p) = − div(q). This is equivalent to p(z) = q n (z). Finally, since p(z) is a regular function on A 1 the same holds for q(z) and so q(z) ∈ C[z]. By Lemma 9 we conclude that D n p is isomorphic to D 
